The main result asserts the existence of continuous solutions of the complex Monge-Ampère equation with the right hand side in L p , p > 1, on compact Hermitian manifolds.
Introduction
Let (X, ω) be a compact Hermitian manifold. We study the weak solutions to the complex Monge-Ampère equation We follow the pluripotential approach introduced by S. Dinew and the first author in [7] , where L ∞ estimates for the above equation were obtained.
Here we refine those estimates and prove the existence of continuous solutions.
Theorem 0.1. Let (X, ω) be a compact Hermitian manifold. Let 0 ≤ f ∈ L p (ω n ), p > 1, be such that X f ω n > 0. There exist a constant 0 < c and a function u ∈ C(X) satisfying the equation
in the weak sense.
The main tool is a generalized version of the comparison principle due to Bedford-Taylor [1, 2] . We call it modified comparison principle just for a convenient reference. In its formulation we use a constant B > 0 such that
(0.1)
We denote by P SH(ω) the set of ω-plurisubharmonic functions on X (see Section 1).
Theorem 0.2 (modified comparison principle). Let (X, ω) be a compact
Hermitian manifold and suppose that ϕ, ψ ∈ P SH(ω) ∩ L ∞ (X). Fix 0 < ε < 1 and set m(ε) = inf X [ϕ − (1 − ε)ψ]. Then, for any 0 < s < where C is a uniform constant depending only on n, B.
It was shown in [7] that the comparison principle which is valid on Kähler manifolds (see [17] ) is no longer true on general Hermitian manifolds.
The complex Monge-Ampère equation on complex Hermitian manifolds was first studied by Cherrier [4, 5, 6] and Hanani [13, 14] . There has been a renewed interest recently in the works of Guan -Li [11] and TosattiWeinkove [21, 22] . The breakthrough was made by Tosatti and Weinkove [22] who proved the existence and uniqueness of the smooth solution to complex Monge-Ampère equation on a general compact Hermitian manifold. Since then more papers appeared (e.g., [9] , [12] , [19] , [20] , [27] ), some in relation to the Chern-Ricci flow. It was shown in [9, 10] , [23, 24, 25] that the flow enjoys many common properties with the Kähler-Ricci flow. In the study of the latter the weak solutions of the complex Monge-Ampère equation play an important role, and thus the investigation of the Hermitian case seems to be well motivated.
The method based on the modified comparison principle can also be applied in the case when X = Ω is a bounded open set in C n . We consider the Dirichlet problem for the Monge-Ampère operator and generalize the stability estimates [15] from the Kähler setting to the Hermitian one.
Corollary 0.3. Consider Ω be a bounded open subset in C n and ω be a
Hermitian metric in C n . Let u, v ∈ P SH(ω) ∩ C(Ω) be such that
where C depends only on Ω, ω and p.
Thanks to the domination principle and the stability estimate the Dirichlet problem for Monge-Ampère operator (with the background metric ω) is solvable for the right hand side in L p , p > 1.
Corollary 0.4. There exists a unique continuous solution to the Dirichlet
The note is organized as follows. We recall some basic properties of ω-plurisubharmonic functions on complex Hermitian manifolds in Section 1.
Section 2 is devoted to prove the modified comparison principle. Then the domination principle in the local case is inferred in Section 3. The stability estimates and the Dirichlet problem for complex Monge-Ampère in a bounded domain in C n are studied in Section 4. In Section 5 we show L ∞ a priori estimates and the existence of continuous solutions to complex
Monge-Ampère equations on a compact Hermitian manifold.
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1 Basic properties of ω-psh functions in the Hermitian setting
Let Ω be an open subset in C n and ω a Hermitian metric in C n . We collect here some basic facts about ω-plurisubharmonic (ω-psh for short) functions.
We refer to [7] for more discussion. Recall that we use the normalisation
Denote by P SH(Ω, ω) the set of ω-psh functions in Ω. (when Ω is clear from the context, we write P SH(ω) ). We often use the short-hand notation ω u := (ω + dd c u). Following Bedford-Taylor [2] , one defines the wedge product
proceeding by induction over k. For k = 1 the definition is given by classical distribution theory. Suppose that for 1 ≤ k ≤ n − 1 the current
is well defined. Fix a small ball B in Ω and a strictly psh function ρ such
then T can be written in B as a linear combination of positive currents
We know that there are sequences of smooth ω-psh function {v j l } ∞ j=1 which decrease to v l , 1 ≤ l ≤ k (by Demailly's regularization theorem for quasi-psh functions). Since T is a combination of positive currents of the form (1.1), we obtain by the results from [2] 
Thus, T is a positive current of bidgree (k, k). Moreover,
The notation ω v l means that this term does not appear in the wedge product.
The right hand side is well defined by the above formulas for dT, d c T and
be a sequence of smooth ω-psh functions decreasing to u. We have
Note here that for any test form ϕ of bidgree (
Thus,
is a positive current of bidgree (k + 1, k + 1). In the special case when
we get the definition of MongeAmpère operator
(n factors on the right hand side) which is a Radon measure. Finally, we state for the later reference a convergence result which follows also from the corresponding statement in [2] applied to currents of the form (1.1).
Suppose that the sequences of bounded ω-psh functions {v
weakly.
Let now (X, ω) be a compact Hermitian manifold, with dim C X = n.
The above (local) construction applies in this setting.
Denote by P SH(ω) the set of ω-psh functions on X. By the definition u ∈ P SH(ω) if and only if u ∈ P SH(Ω, ω) for any coordinate chart Ω ⊂⊂ X. Using partition of unity, we define the Monge-Ampère operators ω n u for u ∈ P SH(ω) ∩ L ∞ (X). It is also clear that Proposition 1.2 holds in this setting.
The modified comparison principle
Let (X, ω) be a compact Hermitian manifold. It is known (see [7] ) that the comparison principle is not true on a general compact Hermitian manifold.
We shall use two lemmata to prove the main theorem of this section (Theorem 2.3). From the proof of Proposition 3.1 in [1] and the approximation result in [3] we have the following statement.
A weaker version of the comparison principle was shown in [7] .
Then there is a constant
We are ready to prove the modified comparison principle.
where C is a uniform constant depending only on n.
Proof. We wish to apply Lemma 2.2 with (1 − ε)ψ + m(ε) + s in place of ψ.
Therefore, in view of Lemma 2.2, it is enough to estimate
16B . We shall verify that for 0 < s < δ
and for 2 ≤ k ≤ n − 1,
Let us assume for a moment that (2.1) and (2.2) are true. It follows from the first inequality of (2.1) that
From the second inequality of (2.1) and (2.3) we have
2) and the induction we get that, for
, and for j ≥ 1,
Furthermore, since δ B = 16 , by an elementary calculation, one gets that
In particular d j are positive and finite. It concludes for any 0 ≤ k ≤ n − 1 and for 0 < s < δ,
It remains to verify (2.2) (as (2.1) is its consequence with the convention that a k = 0 for k < 0). Indeed, since
it follows from Lemma 2.1 that
Thus, for 0 < s < δ =
The theorem follows.
The domination principle
Let Ω be a bounded open subset in C n . The constant B > 0 is defined as in (0.1) forΩ. The next theorem is an analogue of the modified comparison principle for a bounded open subset in C n .
where C n is a uniform constant depending only on n.
Proof. It is very similar to the proof of the modified comparison principle.
The lemmata we need have now the following form.
where the constant C n depends only on n.
Having those the proof goes exactly as the one of Theorem 2.3.
As a consequence we obtain the domination principle.
Proof. First, we may assume that lim inf ζ→z∈∂Ω (u − v)(ζ) ≥ 2α > 0. Otherwise, replace u by u + 2α and then let α → 0. Thus there is a relatively compact open set Ω ′ such that u(z) ≥ v(z)+α for z ∈ Ω\Ω ′ . By subtracting the same constant, we also assume that u, v ≤ 0. We argue by contradiction.
Suppose that {u < v} is non empty. Since Ω is bounded, there is a strictly psh function ρ ∈ C 2 (Ω) such that −C ≤ ρ ≤ 0 in Ω, for some constant 0 < C. Since, u, v, ρ are bounded in Ω, then after multiplying ρ by a small positive constant we see that there exist 0 < ε, τ << 1/2 such that
in Ω. Let us denote by U (s) the set {u <v −M +s} with M = sup Ω (v−u) > 0. Then for any 0 < s < M , U (s) ⊂⊂ Ω and sup
It follows from (3.1) that the assumptions of Theorem 3.1 are fulfilled for ϕ := u, ψ :=v − M + s. Hence, for any 0 < s < ǫ 0 = min{
Then using (3.1), we get for 0 < s < ǫ 0
ε n . This is impossible when 0 < s is small enough. Thus, the proof follows. 
p > 1, and φ ∈ C(∂Ω), we seek for a solution to
where the equality in the second line is understood in sense of currents.
From the domination principle above and the stability estimates [15] we get the following result. 
Proof. Suppose that Ω ⊂ B(0, R) (the ball with the origin at 0 and radius R > 0). We write ω n = hβ n in B(0, R), where 0 < h ∈ C ∞ (B(0, R)) and we extend f, g onto B(0, R) by setting f = g = 0 on B(0, R) \ Ω. Therefore, f h, gh ∈ L p (B(0, R), β n ). By [15] , there is a unique w ∈ P SH(B(0, R)) ∩ C(B(0, R)) solving (dd c w) n = |f h − gh|β n with w = 0 on ∂B(0, R). The stability estimate for the complex Monge-Ampère equation proven in [15] says that
where C 1 depends only on Ω, p. Since
and w ≤ 0 in Ω, we can apply the domination principle for ϕ := u + w and ψ := v + sup ∂Ω |u − v| to get that u + w ≤ v + sup ∂Ω |u − v| in Ω. Hence,
Similarly, we obtain v − u ≤ −w + sup ∂Ω |u − v|. So
where C depends on Ω and supΩ h. Proof. Suppose that φ j ∈ C ∞ (∂Ω) converges uniformly to φ and a sequence of smooth functions f j > 0 converges to f in L p (ω n ). From Theorem 1.1 in [11] , it follows that for each j there exists a unique smooth solution u j ∈ P SH(ω) of the corresponding Dirichlet problem
Hence, from Theorem 4.1 we get that the solutions u j form a Cauchy sequence in C(Ω). Thus, they converge uniformly to u in P SH(ω) ∩ C(Ω).
Therefore ω n u j converge weakly to ω n u by Proposition 1.2. It means that u is a continuous solution to the Dirichlet problem (4.1). Moreover, by the domination principle (Corollary 3.4) this solution is unique. The proof is completed.
Existence of continuous solutions on a compact Hermitian manifold
Let (X, ω) be a compact Hermitian manifold. The constant B > 0 in (0.1) is used throughout this section. We denote by C a generic positive constant depending only on n, B, which may vary from line to line. We use the notation V ol ω (E) := E ω n for any Borel set E.
L ∞ a priori estimates
We first show how the modified comparison principle coupled with pluripotential theory techniques leads to L ∞ a priori estimates. Recall that
Proposition 5.1 ([7], Corollary 2.4).
There are a universal number 0 < α = α(X, ω) and a uniform constant 0 < C = C(X, ω) such that for any
Consequently, by Hölder's inequality,
Let h : R + → (0, ∞) be an increasing function such that
In particular, lim x→∞ h(x) = +∞. Such a function h is called admissible.
If h is admissible, then so is A h for any number A > 0. Define
For such F h we consider the family of bounded ω-psh functions such that their Monge-Ampère measures satisfy
for any Borel set E ⊂ X. It follows from Proposition 5.1 that
Our next theorem is a generalization of a priori estimates in [16] , [17] from the Kähler setting to the Hermitian one.
where U (ε, D) = {ϕ < (1 − ε)ψ + m(ε) + D}, and the function κ is defined on the interval (0, cap ω (X)) by the formula
The following lemma is the crucial step in the proof of the theorem. It is an estimate of the capacity of sublevel sets. The proof goes through in the Hermitian setting thanks to the modified comparison principle (Theorem 2.3).
Lemma 5.4. Fix 0 < ε < 1. Let ϕ, ψ ∈ P SH(ω) ∩ L ∞ (X) be such that
16B } (with B defined above) one has
Proof. Let ρ ∈ P SH(ω) be such that 0 ≤ ρ ≤ 1. It follows that
If we use the notation m(ε, t) := inf
Then, Theorem 2.3 gives
Thus the lemma follows.
After rescaling t the statement of Lemma 5.4 may be rephrased
The proof of Theorem 5.3. For 0 < s < ε 0 , define
From Remark 5.5 and the property (5.2) we infer that for any 0 < s, t < ε 0
where C = 4 (1 + C n ) 1/n . We may assume C = 1 after muliplying g by an appropriate constant. Hence,
Let 0 < D < ε 0 . Applying (5.3) for t := D − s, and 0 < s < D we obtain
Since lim t→s − a(t) = a(s), so s 0 < D. It is clear that a(D) ≤ e a(s + 0 ), where a(s + ) = lim t→s + a(t). It follows that
. Thus, the theorem will follow if we have the estimate of s 0 from above. We define by induction a strictly decreasing sequence which begins with s 0 , and for j ≥ 0, satisfies s j+1 := sup{0 < s < s j : a(s j ) > e a(s)}.
It follows that
We are ready to estimate s 0 . Applying (5.3) for s = s j+1 , t = s j − s j+1 we have
Then, using the first inequality in (5.4), we get
. Setting
we have, using the second inequality in (5.4) and a(s j+2 ) ≤ a(s + j+2 ),
Combining the last two estimates we have
, as xg(x) is an increasing function. Therefore,
.
,
we have
This is equivalent to the statement of the theorem.
In the next step, we will see how Theorem 5.3 implies a L ∞ a priori bound on the solutions of the Monge-Ampère equation with the right hand side in L p , p > 1. 
Proof. Applying Theorem 5.3 for ψ = 0, and ε = 1/2, we have
for 0 < s < ε 0 . Moreover, Proposition 2.5 in [7] says that
where C and
are uniform constants. Two last inequalities imply
Therefore,
(s) for 0 < s < ε 0 . This gives (5.6). In order to obtain (5.7), we proceed as follows. Let φ ∈ P SH(ω) ∩ L ∞ (X), sup X φ = 0, be such that for any Borel
It follows from the formula for the function κ in Theorem 5.3 that the function κ ′ for b −n h is bκ. The above argument implies that
, where we used the fact that the inverse of κ ′ (.) = bκ(.) is ′ (.) = ( 
Thus, for 0 < s < ε 0 ,
The corollary follows.
Weak solutions to the complex Monge-Amère equation
In this section we are going to study the existence of weak solutions for the
We wish to solve the
In general ω is not closed, and then the appropriate statement of (5. Proof. Choose f j ∈ L p (ω n ) smooth, strictly positive and converging to f in L p (ω n ). By a theorem of Tosatti and Weinkove [22] , for each j ≥ 1, there exist a unique u j ∈ P SH(ω) ∩ C ∞ (X) with sup X u j = 0 and a unique constant c j > 0 such that
Lemma 5.9. The sequence {c j } is bounded away from 0 and bounded from above. In particular, the family
Proof. We first show that c j 's are uniformly bounded away from 0. Applying Remark 5.5 for ε = 1/2, ψ = 0 and 0 ≥ ϕ ∈ P SH(ω) ∩ L ∞ (X), with S = inf X ϕ, we get for 0 < s, t < ε 0 ,
From Remark 5.5 for ϕ := u j with inf X u j = S j and the Hölder inequality, it follows that, for 0 < s, t < ε 0 ,
where 1/p + 1/q = 1. Therefore, for fixed 0 < s = t < ε 0 ,
with C 1 depending also on X and f . From Theorem 5.3 we know that
It remains to verify that {c j } is bounded from above. Since f j → f in
for j > j 0 (j 0 ≥ 1 depends on f ). The pointwise arithmetic-geometric means inequality implies that
Hence,
It follows that for j > j 0 ,
To end the proof we need to show that the right hand side is uniformly bounded from above. Since sup X u j = 0, it follows that
with a uniform constant C 1 (see e.g. [7] , Proposition 2.5). Hence, using the Stokes theorem we have
Combining this with (5.13) we conclude that {c j } is bounded from above.
We proceed to finish the proof of the theorem.
the L ∞ a priori estimate from [7] (or Corollary 5.6) implies that {u j } are uniformly bounded. Thus there exists H > 0 such that −H ≤ u j ≤ 0 for every j. By rescaling we may assume from now on that H = 1. Moreover, by passing to a subsequence, it is assumed that {u j } ∞ j=1 is a Cauchy sequence in L 1 (ω n ) and 0 < c = lim c j .
The existence of a continuous solution. Let us use the notation
We are going to show that both S kj → 0 and M kj → 0 as k, j → +∞ arguing by contradiction. Suppose that S kj does not converge to 0 as k, j → +∞.
So there exists 0 < ε < 1 such that
for arbitrarily large k = j. In order to simplify the notation, we write ϕ := u k , ψ := u j , and S := S kj , for such a pair j, k. Put Since −1 ≤ ϕ, ψ ≤ 0, S < −4ε, 0 < s, t < ε 0 , we have the following inclusions U (ε, s + t) ⊂ {ϕ < ψ + S + ε + s + t} ⊂ {ϕ < ψ − ε} ⊂ {|ϕ − ψ| > ε}.
Thus, from (5.15) and Hölder's inequality, with 1/p + 1/q = 1, we get that
(since ω n ϕ = c k f k ω n ). We have already seen that c k f k is uniformly bounded in L p (ω n ). Hence, for fixed 0 < s = t = D < ε 0 , We conclude that {u j } ∞ j=1 is a Cauchy sequence in P SH(ω) ∩ C(X). Let u and c be the limit points of {u j } and {c j } respectively. Then the continuous function u ∈ P SH(ω) ∩ C(X) solves (ω + dd c u)
in the weak sense of currents.
It is worth to record here that from the above argument we get a weak stability statement.
Corollary 5.10. Let {u j } ∞ j=1 ⊂ P SH(ω) ∩ C(X) be such that sup X u j = 0. Suppose that for every j ≥ 1,
where f j 's are uniformly bounded in L p (ω n ), p > 1. If {u j } is Cauchy in L 1 (ω n ), then it is Cauchy in P SH(ω) ∩ C(X).
